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A method is described for calculating geometrical factors, allowing 
for attenuation of radiation by the medium, and computing radiative 
heat transfer between coaxial strips forming part of a cylinder. 

In the  so lu t ion  of v a r i o u s  p r o b l e m s  of t h e r m a l  and 
op t i ca l  e n g i n e e r i n g  by the zonal  method,  g e o m e t r i c a l  
f a c t o r s  a r e  r e q u i r e d .  The c o m p l e x i t i e s  of c a l cu l a t i on  
of t h e s e  f a c t o r s  f r equen t ly  g ives  r i s e  to c rude  s i m p l i -  
f i ca t ion  of the s y s t e m .  F o r  example ,  in wide ly  used  
c y l i n d r i c a l  c h a m b e r s ,  the s u r f a c e  is  a s s u m e d  to be 
a s ing le  zone, w h e r e a s  the t e m p e r a t u r e  of ten v a r i e s  
m a r k e d l y  a round  the c h a m b e r ,  and the s u r f a c e  in th is  
c a s e  should  be  subdiv ided  into a n u m b e r  of z o n e s - - c o -  
ax ia l  s t r i p s ,  a s  shown in the f igure ,  w h e r e  1, 2, . . . ,  
i . . . .  n a r e  s t r i p  s u b s c r i p t s .  In the computa t ion  it is  
r e q u i r e d  to d e t e r m i n e  n ~ g e o m e t r i c a l  f a c t o r s  fo r  the 
v a r i o u s  s t r i p s ,  and these  m a y  conven ien t ly  be r e d u c e d  
to t a b u l a r  (mat r ix )  f o r m :  

%1 %2 . ' -  q%~| .  (1) 

We have deve loped  a method  of c a I cu l a t i ng  the e l e -  
meri ts  of the  m a t r i x  (1) fo r  the  s t r i p s  of a c y l i n d r i c a l  
s u r f a c e .  

F o r  any s y s t e m  of zones  we m a y  c o n s t r u c t  m a t r i x  
(1), but  d i r e c t  ca l cu l a t i on  of a l l  n 2 f a c t o r s  f r o m  the 
we l l -known  f o r m u l a s  is  too compl i ca t ed .  The to ta l  
n u m b e r  of o p e r a t i o n s  may  be r e d u c e d  by choos ing  a 
m i n i m u m  g roup  of b a s i c  f a c t o r s ,  c a I cu l a t ed  d i r e c t l y .  
The e l e m e n t s  of m a t r i x  (1) a r e  c a l c u l a t e d  f r o m  the 
b a s i c  f a c t o r s  us ing  a l g e b r a i c  r e l a t i o n s ,  the  o r d e r  of 
o p e r a t i o n s  be ing  as  fo l lows:  

1. The m a t r i x  (1) is cons t ruc t ed .  
2. The g roup  of b a s i c  f a c t o r s  is  chosen.  
3. The a l g o r i t h m  fo r  d e t e r m i n i n g  a l l  the f a c t o r s  

f r o m  the b a s i c  f a c t o r s  is  comple t ed .  
4. The r e q u i r e d  va iues  of the b a s i c  f a c t o r s  a r e  

t abu la ted .  
We wi l l  c a r r y  out th is  p l an  fo r  a s y s t e m  of s t r i p s  

cons t i tu t ing  a cy l i nde r .  
We f i r s t  examine  m o r e  g e n e r a l l y  than usual ,  the  

c a s e  when the i n d i c a t r i x  of r a d i a t i o n  of the s u r f a c e  
e l e m e n t s  is  s y m m e t r i c a l  and iden t i ca l  fo r  a l l  the  e l e -  
men t s ,  whi le  the  va lue s  of the a t t enua t ion  coe f f i c i en t s  
v a r y  th roughout  the vo lume,  be ing  s y m m e t r i c a l ,  how-  
eve r ,  about  the ax i s .  Then: 

1) the  r e c i p r o c a l  r e l a t i o n  fo r  our  g e o m e t r i c a l  f a c -  

t o r s  wi l l  be  the s a m e  as  f o r  d i f fuse  r ad ia t ion ,  which 
is e a s y  to f ind f r o m  the g e o m e t r i c a l  f a c t o r  f o r m u l a  
with a s y m m e t r i c a l  i n d i c a t r i x  [1]; 

2) f r o m  the b a s i c  conven t iona l  mean ing  of g e o m e t -  
r i c a l  f a c t o r s  i t  is  ev ident  that  the  l oca l  f a c t o r  for  a 
c l o s e d  c y l i n d r i c a l  s u r f a c e  ~ wil l  be the  s a m e  for  a l l  
points  and equal  to the  sum of the f a c t o r s  in any row 
of m a t r i x  (l) .  

o,~ . 

Sect ion  showing the s y s t e m  
of s t r i p s  f o r m i n g  p a r t  of a 

c y l i n d r i c a l  su r f ace .  

A n a l y s i s  shows that  it  is m o s t  su i t ab l e  to take  as  
the b a s i c  g e o m e t r i c a l  f a c t o r s  the f a c t o r s  for  the s t r i p s  
t h e m s e l v e s  ~Pmm. Here  the word  " s t r i p "  has  a wide 
meaning ,  i . e . ,  the  index m m a y  r e f e r  to a c o m b i n a -  
t ion of any n u m b e r  of ad j acen t  s t r i p s  o r  zones .  Thus 
we r e q u i r e  a t ab l e  of ~Pmm, w h e r e  m c o m b i n e s  the 
s u b s c r i p t s :  

1 

1 ,2  2 
1 , 2 , 3  2 , 3  

. . . . . . . . . . . . . . . . . . . . . . . . .  (2) 

1, 2, 3 . . .  n - - 1  2 ~ 3 . . .  n - - l ,  . . . ,  n - - 1  

l,  2, 3 . . .  n - - l ,  n 2, 3 . . .  n - - l ,  n, . . . ,  n - - l .  n n. 

The t ab le  of ~ m m  m u s t  include the quant i ty  ~ = 
= ~ m m ,  when m is the  sum of a l l  the  s t r i p s  c o m p o s -  
ing the  c l o s e d  she l l .  

Al l  the  d iagona l  e l e m e n t s  of m a t r i x  (1) a r e  t aken  
f r o m  the t ab l e  of  gamm. 

We e x a m i n e  any two a d j a c e n t  s t r i p s :  i and i + 1. 
Le t  the  s u b s c r i p t  j c omb ine  i and i + 1. A c c o r d i n g  to 
the d i s t r i b u t i v e  p r o p e r t y  of f luxes ,  

Fi~jj = Fi (qp. + ~i, ~+x) + F,+, (~,§ , + ~i§ i~1). (3) 

F r o m  the r e c i p r o c a l  r e l a t i o n  

FiqDi. ~+1 = Fitlq)i+l. ~- (4) 

Since the  v a l u e s  gajj, q~ii, q~i+l,i+l a r e  t aken  f r o m  the 
t ab le  of o m m ,  Eqs,  (3) and (4) g ive  us  the f a c t o r s  

r  i+1 and gvi+l, i, i . e . ,  the  f a c t o r s  fo r  the  ad jacen t  
s t r i p s - - q t 2 ,  qzl ,  q~2~, q~32, r  e tc .  

We now e xa mine  any t h r e e  a d j a c e n t  s t r i p s :  i, i + 1, 
i + 2. Le t  the  index j combine  a s  b e f o r e  s t r i p s  i, i + 1, 
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T a b l e  1 
G e o m e t r i c a l  F a c t o r s  ( t h e  d e c i m a l  p o i n t  p r e c e d e s  t h e  n u m b e r s  s h o w n )  

~ m r n  a t :  ~ o .  d e g r e e  
& 

15 3 0  45  6 0  75  90  

0 
0 . 0 1  
0 . 0 5  
0 . 1  
0 . 2  
0 . 3  
0 . 4  
o . 6  
0 . 8  
1 . 0  
1 . 2  
1 . 5  
2 . o  
2 , 5  

3 
5 
7 

10  

0 1 1 3 7  
0 1 1 3 5  
0 1 1 2 7  
0 1 1 1 8  
0 1 1 0 0  
0 1 0 8 2  
~ 1 0 5 5  
0 1 0 3 1  
0 0 9 9 9  
0 O 9 6 8  
0 0 9 3 8  
0 0 8 9 6  
0 0 8 3 1  
0 0 7 7 2  
0 0 7 1 9  
0 0 5 4 7  
0 0 4 2 5  
0 0 3 0 1  

0 4 5 0 8  
0 4 4 9 3  
0 4 4 3 5  
0 4 3 6 4  
0 4 2 2 7  
0 4 0 9 6  
0 3 9 7 9  
0 3 7 3 5  
0 3 5 1 6  
0 3 3 1 5  
0 3 1 2 9  
0 2 8 7 4  
0 2 5 0 8  
0 2 1 9 9  
0 1 9 3 8  
0 1 2 2 4  
0 0 8 2 1  
0 0 4 9 5  

0 9 9 6 3  
0 9 9 1 6  
0 9 7 3 0  
0 9 5 0 5  
0 9 0 7 6  
0 8 6 7 2  
0 8 2 9 3  
0 7 5 9 7  
0 6 9 7 6  
0 6 4 2 9  
0 5 9 2 9  
0 5 2 6 1  
0 4 3 5 9  
0 3 6 4 8  
0 3 0 8 2  
0 1 7 0 0  
0 1 0 4 1  
0 0 5 7 6  

w h i l e  t h e  i n d e x  m c o m b i n e s  a l l  t h r e e  s t r i p s .  A s  i n  ( 3 )  
a n d  ( 4 ) ,  w e  w r i t e  

F . ~ % , , ,  = F ; ( ~ i s  + % .  i , ~ )  + F i + ~  ( ~ + 2 .  i + qot+~.  ~+2) .  ( 5 )  

F f l P i ,  i + ~  = Fi+.2 f~ i+ '~ ,  1" ( 6 )  

S i n c e  t h e  v a l u e s  q ~ m m ,  ~ o j j ,  ~ o i + 2 , i +  2 a r e  t a b u l a t e d ,  

t h e s e  e q u a t i o n s  g i v e  u s  t h e  f a c t o r s  ~ 0 i + 2 ,  j a n d  ~ o j , i +  2 .  
A c c o r d i n g  t o  t h e  d i s t r i b u t i v e  p r o p e r t y ,  

c P i + 2 ,  i =  q ~ i + 2 ,  i + r  , '+ : '  ( 7 )  

S i n c e  a l l  t h e  ~ 0 i + 2 , i +  1 a r e  a l r e a d y  k n o w n ,  f r o m  ( 7 )  w e  

c a n  f i n d  t h e  f a c t o r s  ~ o i + 2 , i ,  i . e . ,  t h e  f a c t o r s  f o r  n o n -  

a d j a c e n t  s t r i p s .  I f  w e  s u c c e s s i v e l y  i n c r e a s e  t h e  n u m -  

b e r  o f  a d j a c e n t  s t r i p s  c o m b i n e d  b y  i n d i c e s  j a n d  m ,  

t h e n ,  f r o m  f o r m u l a s  s i m i l a r  t o  ( 5 ) - ( 7 ) ,  w e  o b t a i n  a l l  

t h e  e l e m e n t s  o f  m a t r i x  ( 1 ) .  A l l  i n t e r m e d i a t e  v a l u e s  

s h o u l d  b e  a r r a n g e d  i n  t a b l e s  l i k e  ( 2 )  f o r  c o n v e n i e n c e  

o f  p r o g r a m m i n g .  

I t  m a y  b e  s e e n  f r o m  t h e  f o r e g o i n g  t h a t  a t o t a l  o f  

1 / 2 n ( n  + 1 )  v a l u e s  o f  ~ 0 m m  i s  r e q u i r e d .  A c c o r d i n g  t o  

t h e  a b o v e  c o n d i t i o n s ,  t h e  q u a n t i t y  q ~ m m  d o e s  n o t  d e -  
p e n d  o n  t h e  l o c a t i o n  a r o u n d  t h e  p e r i m e t e r  o f  a s t r i p  

o r  s y s t e m  o f  s t r i p s .  T h i s  a l l o w s  o n e  t o  l i m i t  t h e  t a b l e  

o f  r  t o  t h e  i n t e r v a l  0 ~ 3 '0  - ~ r / 2  o f  t h e  a r g u m e n t ,  
t h e r e b y  s i m p l i f y i n g  t h e  c a l c u l a t i o n  o f  ~ 0 m m .  A l l  t h e  

~ 0 m m  w i t h  T 0  > ~ / 2  a r e  d e t e r m i n e d  a l g e b r a i c a l l y .  L e t  
p a n d  q b e  t w o  s t r i p s  c o n s t i t u t i n g  a c l o s e d  s h e l l ,  w h e r e  

T o  - <  7 r / 2  f o r  ~ O p p ;  t h e r e f o r e  ~ O p p  i s  t a k e n  f r o m  t h e  t a b l e  

o f  ~ O m m .  F r o m  t h e  m e a n i n g  o f  t h e  f a c t o r s ,  

% ,  + (~qq  = ~ .  ( 8 )  

1 7 2 8 5  
1 7 1 8 1  
1 6 7 7 0  
1 6 2 7 5  
1 5 3 4 4  
1 4 4 8 3  
1 3 6 8 6  
1 2 2 5 3  
1 1 0 9 9  
0 9 9 2 2  
0 8 9 7 0  
0 7 7 5 0  
0 6 1 5 3  
0 4 9 5 8  
0 4 2 4 9  
0 2 0 2 2  
0 1 1 6 8  
0 0 6 1 6  

2 6 1 8 9  
2 6 0 0 0  
2 5 2 6 3  
2 4 3 8 2  
2 2 7 4 0  
2 1 2 4 0  
1 9 8 6 6  
1 7 4 4 3  
1 5 3 8 5  
1 3 6 2 5  
1 2 1 1 3  
1 0 2 2 2  
0 7 8 3 3  
0 6 1 1 9  
0 4 8 6 5  
0 2 2 5 5  
0 1 2 5 3  
0 0 6 4 3  

3 6 3 2 1  
3 6 0 2 6  
3 4 8 7 6  
3 3 5 0 7  
3 0 9 7 4  
2 8 6 8 3  
2 6 6 0 5  
2 2 9 8 7  
1 9 9 6 7  
1 7 4 2 7  
1 5 2 7 9  
1 2 6 4 4  
0 9 4 0 8  
0 7 1 6 3  
0 5 5 7 9  
0 2 4 3 5  
0 1 3 1 6  
O O 6 6 5  

F r o m  t h e  r e c i p r o c a l  r e l a t i o n  

F p T p q  ~ -  F q T q p .  ( 9 )  

S i m u l t a n e o u s  s o l u t i o n  o f  ( 8 )  a n d  ( 9 )  g i v e s  t h e  v a l u e  o f  

~ 0 q q  ( w i t h  T o  > 7 r / 2 ) .  

W e  n o w  t u r n  t o  t a b u l a t i o n  o f  t h e  b a s i c  f a c t o r s .  T h e  

g e n e r a l  f o r m t d a  f o r  ~ O m m  i s  o b t a i n e d  i n  a p r o c e s s  o f  

a p p r o x i m a t i o n  t o  t h e  i n t e g r a l  e q u a t i o n  o f  r a d i a t i v e  

e n e r g y  t r a n s f e r  b y  a s y s t e m  o f  a l g e b r a i c  e q u a t i o n s  

a n d  h a s  t h e  f o r m  

( P r o m  = 1 S d F m ~ e x p ( - - ~ k ( 1 )  d l ) f ( O ) C l ~ O d F ' n . ( l O )  
F m  

F r o m  t h e  s e t  o f  f u n c t i o n s  f ( @ )  a n d  k ( l )  w e  h a v e  c h o s e n  

t h e  s i m p l e s t  p r a c t i c a l  f o r m s :  f ( |  = c o s |  ( d i f f u s e  r a -  

d i a t i o n ) ,  k ( / )  = k = c o n s t .  T h e n  f t  = ~r .  B y  s u b s t i t u t i n g  

c ~  c o s  O = c o s  a s i n  S ,  

l = V ~ H  ~ + D 2 c o s  2 a ,  

H D - - h ,  k D = A ,  s i n  6 = - - c o s  a ,  
D l 

D C O S  Ct 
d 6  - -  - -  d H ,  

Fm V 

T a b l e  2 

L o c a l  G e o m e t r i c a l  F a c t o r s  f o r  a C l o s e d  C y l i n d r i c a l  S h e l l  ~ ( s 2 )  

a r a i a ~ a 

0 
0 , 1  
0 . 2  
0 . 3  
0 . 4  
0 . 5  
0 . 6  
0 . 7  
" 0 . 8  

1 . 0 0 0 0  
0 . 9 0 6 1  
0 , 8 2 3 0  
0 , 7 4 9 0  
0 . 6 8 2 8  
0 . 6 2 3 4  
0 . 5 7 0 1  
0 . 5 2 2 1  
0 , 4 7 8 7  

009 
: :1 

: 4  
. 5  
, 6  

1 . 7  

0 , 4 3 9 5  
0 . 4 0 4 0  
0 . 3 7 1 9  
0 . 3 4 2 8  
0 . 3 1 8 2  
0 . 2 9 2 0  
0 , 2 7 0 1  
0 , 2 5 0 0  
0 . 2 3 1 7  

1 . 8  
1 . 9  
2 . 0  
2 . 5  
3 . 0  
3 1 5  
4 , 0  
4 . 5  
5 . 0  

0 . 2 1 5 0  
0 . 1 9 9 7  
0 . 1 8 5 7  
0 , 1 3 1 3  
0 . 0 9 5 3  
0 ; 0 7 1 0  
0 , 0 5 4 2  
0 . 0 4 2 3  
0 . 0 3 3 8  

5 . 5  
6 . 0  
6 . 5  
7 . 0  
7 . 5  
8 . 0  
8 , 5  
9 . 0  

1 0 . 0  

0 .  0 2 7 5  
0 . 0 2 2 8  
0 . 0 1 9 2  
0 . 0 1 6 4  
0 1 0 1 4 1  
0 . 0 1 2 3  
0 , 0 1 1 0  
0 . 0 0 9 5  
O.  0 0 7 8  
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in place of (10) we obtain 

~/2 r ~:12 

q)mm = d~ dh exp (--  A V h 2 -F cos ~ a) )< 
~To 

~/2--yo 0 

COS4(Z d a 
X (h ~ ZF c~ 2 (11) 

With A = 0, gomm = 1 - sin•0/T0. 
Table  1 gives the fac tors  gomm as ca lcu la ted  f rom 

(11): a Gauss  quad ra tu r e  with seven  o rd ina tes  was 
used.  The e r r o r  is e s t ima ted  to be < 1%. 

Fo r  comple t enes s  Table  2, which is bor rowed  f rom 
Mikk [2], gives the va lues  ~. Mikk a lso  gave an ap-  
p rox ima te  e x p r e s s i o n  for  the local  geome t r i c a l  fac-  
to r s  for  a non -c lo sed  cy l ind r i ca l  s t r i p  and for  a point  
at the edge of a s t r i p  

1 
- - { s ~ - - s i n ~ [ M + s i n 2 ~ ( s ~ - - M ) ] } .  (12) 
2 

F r o m  the local  fac tor  (12) it is not diff icult  to go to 
an approx imate  fo rmula  for  the mean  angle fac tor  for  
the s t r i p  itself:  

7o L 

The d i s c r epancy  be tween our va lues  of ~o and those 
computed f rom (10), go(10), may be exp re s sed  by the 
ra t io  (q~ - go(t0))/go. The d i s c r epancy  i n c r e a s e s  with 
i nc r ea se  of A and with d e c r e a s e  of ~0 f rom 0 at A = 0 
to tens  of pe rcen t  at A > 2; it may be explained on the 
ba s i s  of the e r r o r  in the local  factor  in (12). 

NOTATION 

go is the m e a n  gene ra l i zed  geome t r i ca l  factor ;  ~ is 
the local  gene ra l i zed  geome t r i c a l  fac tor  for  a c losed  
inf ini te  cy l ind r i ca l  sur face ;  F is the sur face  a rea ;  l is 

the length of r a y  be tween  e l emen t s  dFm;  D and H are  
the d i a m e t e r  and length of cy l inder ;  k is the ray a t -  
tenuat ion  coeff icient ;  ~2 is the equiva lent  sol id  angle  
[1] de t e rmined  f rom the condi t ion gomm = 1 at  A = 0 
for a c losed  sur face ;  f(O) is the ind ica t r ix  of the spe-  
cific r ad ia t ion  in tens i ty  (a quant i ty  analogous to the 
specif ic  luminous  in tens i ty  [1]); | is the angle between 
the n o r m a l  to an  e l emen t  of su r face  and the ray  l ink-  
ing the su r face  e lements ;  a and fl a re  the angles  in a 
sec t ion  of the sur face ;  a is the angle  be tween the r a -  
dius and the chord subtending  the p ro jec t ions  of dF m 
on the sect ion;  fl is the angle be tween  the r ad ius  and 
the chord subtending  the p ro jec t ion  of e l emen t  dF m 
on the sec t ion  and the edge of the sur face ;  5 is the 
acute angle  between ray  l and the g e n e r a t o r  of the cy l -  
inder;  70 is the half  subtended angle for  the arc  of a 
sec t ion  of the sur face ;  A = kD; s2 and M a r e  the gen-  
e ra l i zed  local  g e o m e t r i c a l  fac tors  in the notat ion of 
[2] (s z - ~ and is shown in Table  2; M is the local  fac-  
tor  for an inf ini te  cy l inde r  with a s e m i c i r c u l a r  c r o s s  
sec t ion  for a point  in the middle  of the plane par t  of 
the sur face ;  a table  of va lues  of M is given in [2]); n is 
the n u m b e r  of s t r ips .  Subscr ip t s  1, 2 . . . .  , i, . . . ,  n, 
p, q, j, m indicate  su r f ace s  composed of one or  m o r e  
adjacent  s t r i p s - - z o n e s .  
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